We study the existence of canonical Kähler metrics on the projectivisation of strictly Mumford semistable vector bundles over a curve.
1 Almost constant scalar curvature metric and Ksemistability
Definition of an almost cscK metric
Let X be a polarized manifold by an ample line bundle L. In [12] , S.K. Donaldson introduced the notion of a test configuration for the couple (X, L). Essentially, it consists in a C * -equivariant flat projective family π : (X , L) → C with generic fibre π −1 (t) isomorphic to (X, L) for t = 0 while the central fibre, that may be singular, has a C * action. Using this action, one can define a numerical invariant F 1 (X , L), which generalizes the Futaki invariant. Then (X, L) is said to be K-stable if F 1 (X , L) > 0 for any non trivial test-configurations with general fibre (X, L). We refer to [27, 35] for details about this definition and to [33] for the notion of non trivial test-configuration. The Yau-Tian-Donaldson conjecture asserts that the existence of a cscK in the class c 1 (L) is equivalent to the K-stability of (X, L).
It is natural to ask what is happening at the limit case for K-semistability. Let us denoteŝ L the average of the scalar curvature in the class c 1 (L), which is a topological invariant. For ω a Kähler metric in c 1 (L), we denote scal(ω) its scalar curvature. From the main result of [13] , we know that if there exists a sequence of metric ω ǫ such that
then the manifold is K-semistable. The converse is an open question as far as we know.
Definition 1.1. Given (X, L) a projective manifold, we say that there exists an almost cscK metric in the class c 1 (L) in C r topology (r ∈ N) if there is a family of Kähler metrics ω ǫ ∈ c 1 (L) such that scal(ω ǫ ) −ŝ L C r → 0 when ǫ → 0.
In the case of the anticanonical class, this definition appeared first in [5] where it is related to the existence of a lower bound for the Mabuchi K-energy. Obviously, from Donaldson's result, a manifold (X, L) endowed with an almost cscK metric is K-semistable.
Construction of almost cscK metric
Let E be an irreducible Mumford semistable vector bundle of rank 2 over a polarized manifold (B, L B ), given by a non-split exact sequence of line bundles 0
with c 1 (L 1 ) = c 1 (L 2 ). Let us assume that h 1 , h 2 are projectively flat metrics on
with ω a cscK metric in the class c 1 (L B ). Consider the holomorphic structure on E that has the following form∂
where α is a smooth section of Ω 0,1 (Hom(L 1 , L 2 )), see [20, Chapter I, Section 6] . Then one has for the curvature of E, and denoting µ(E) the slope of E,
We can do a gauge change of the form g = ξ 0 0 ξ −1 and we obtain g(
. For any any ǫ > 0 and for any r > 0, we can find the gauge transformation ξ such that
This provides a structure h E (depending on the parameters ǫ, r) such that
Note that fixing the holomorphic structure with variation of the metric, or fixing the metric with variation of the holomorphic structure is geometrically equivalent in this setup. Therefore, we have obtained an approximate Hermitian-Einstein structure in the sense of [20, Chapter IV] , from which we deduce an almost cscK metric on P(E) using the next lemma. From now we assume that E is ample, that is O P(E) (1) is a positive line bundle (without loss of generality we can tensorize E by a sufficiently ample line bundle L C , use the identification P(E ⊗ L C ) ≃ P(E) and the induced approximate Hermitian structure).
Lemma 1.1. From h E hermitian metric on the bundle E, one can define a metricĥ E on O P(E) (1) which curvature is denotedω E and is a Kähler form. Then at v ∈ P(E), with π(v) = x ∈ C, one has pointwisê
and ω F S |P(E)x is the Fubini-Study metric at P(E) x .
We refer to [10, Chapter V, §15.C] for a proof. A direct consequence of the previous lemma and the existence of an approximate Hermitian-Einstein structure with respect to a cscK metric is the following proposition. Proposition 1.1. Let E → B be an ample Mumford semistable rank 2 vector bundle induced by a non-split exact sequence of projectively flat line bundles as above over a cscK polarized manifold (B, L). Then for any r ∈ N, there is an almost cscK metric on the ruled surface π : P(E) → B in C r topology.
If the base manifold is a curve of genus g > 1, line bundles are automatically projectively flat, the exact sequence does not split for
0 and there exists a cscK metric on the base manifold. Thus we obtain the next result. Corollary 1.1. Consider E a rank 2 vector bundle on a curve C of genus ≥ 2. Assume that E is Mumford semistable. Then for any r ∈ N, there is an almost cscK metric on the ruled surface π : P(E) → C in C r topology.
Note that if E is not irreducible, then it is actually a direct sum of line bundles and thus we know the existence of a genuine cscK metric on the projectivisation, see for instance [3] .
Computation of the Donaldson-Futaki invariant
Proposition 1.2. Consider E an ample irreducible Mumford semistable vector bundle which is not stable over a curve of genus g > 1. Then (P(E), O P(E) (1)) is not K-polystable and not asymptotically Chow polystable.
Proof. This is a consequence of [27, Theorem 5.13] , where it is done a computation of the Donaldson-Futaki invariant for the test configuration induced by a deformation to the normal cone of P(F ) where F is any subbundle of E. This computation shows that the Donaldson-Futaki invariant for such a test-configuration is a multiple of the differences of slopes µ(E) − µ(F ). Remark that with [9, Proposition 4.1, Theorem 4.5], it is also proved that O P(E) (1) is not asymptotically Chow polystable. Proposition 1.3. Assume that E → B an ample Mumford semistable rank 2 vector bundle induced by a non-split exact sequence of projectively flat line bundles over a cscK polarized manifold (B, L), as constructed in Section 1.2. Then (P(E), O P(E) (1)) is not K-polystable and not asymptotically Chow polystable.
Proof. Let us denote b = dim C B. We compute the Donaldson-Futaki invariant F 1 for the test configuration induced by a deformation to the normal cone of P(L 1 ). Note that µ(L 1 ) = µ(E). As explained in [27] (see also [19] ),
Now, under our assumptions, using the fact that c 1 (E) = 2c 1 (L 1 ), the polynomials p and w are proportionals. This shows that F 1 vanishes and a similar reasoning can be done to get that the Chow weight associated to this test configuration also vanishes.
There exist examples (X, L) of polarized manifolds such that L is K-semistable and not K-polystable. In particular, there are examples of non convergent sequence of almost cscK metrics. For any irreducible Mumford semistable bundle E (not Mumford stable) of rank 2 over a curve of genus g ≥ 2, there are integral classes on the ruled surface X = P(E) that are K-semistable and not K-polystable.
Proof. We fix a bundle as in the statement and apply Corollary 1.1 to produce a sequence of an almost cscK metric. The existence of such metric implies in turn that (P(E), O P(E) (1))) is K-semistable from [13] . On another hand, the automorphism group Aut(P(E)) is actually trivial, see [29] . Therefore if the sequence of almost cscK metric was convergent, it would converge towards a cscK metric and (X, L) would be K-stable by [11, 32] . This would contradict Proposition 1.2. Corollary 1.2 gives a positive answer to a conjecture of J. Stoppa [31] . Our construction can be easily modified to produce examples of K-semistable not K-stable manifolds in any dimension using vector bundles of higher rank over a curve (using an induction argument on their Harder-Narasimhan filtration, see [18] ) or using Proposition 1.3. Note that Fano examples of Ksemistable but not K-polystable threefolds have been found by G. Tian by considering small deformations of the Mukai-Umemura threefold.
2 Almost balanced metric and Asymptotic Chow semistability
Definition of almost balanced metric
Let us recall that one can define for X a submanifold of P N the center of mass of X as
considering P N as a co-adjoint orbit in the Lie algebra of SU (N + 1). The Chow weight of X with respect to A, hermitian matrix, is
and the definition can be extended to any algebraic cycles. It is a classical fact, based on Kempf-Ness theory, that F Ch(A, e tA · X) is an increasing function of t and we refer [13, Proposition 5] for details. In particular for X the limiting Chow cycle of e tA · X as t → −∞, we get
This provides the inequality
where one has defined the norm T 2 2 = |λ i | 2 for λ i eigenvalues of the hermitian matrix T , taking into account their multiplicities. This is the finite dimensional analogue of the main theorem of [13] that we used previously. Let us now introduce a notion of almost-balanced metrics.
Definition 2.1. Given (X, L) a projective manifold, we say that there exists a sequence of almost balanced metrics if for all k >> 0 and all ǫ > 0, there exists a hermitian metric h k,ǫ on L k such that the Bergman function satisfies
and
The existence of an almost balanced metric for (X, L) implies, using (1) and Hilbert-Mumford criterion, that (X, L) is asymptotically Chow stable since the Chow weight of the limiting Chow cycle along a test-configuration cannot be strictly negative (this appears also clearly in [13, Equation (16) ] where the lower order terms are the higher Chow weights associated to the one-parameter subgroup action).
Construction of almost balanced metric
Let us considerĥ ǫ a hermitian metric on O P(E) (1) with the same notations as in the previous section. Then the Bergman function for (O P(E) (k),ĥ k ǫ ) has an asymptotic expansion
where r is the rank of the bundle E → C and ω ǫ = c 1 (ĥ ǫ ). The writing of (2) means the following inequality holds in C 0 -topology (it will be sufficient to work in that topology in the sequel)
The terms a i involve at most the (2i − 2)-th first covariant derivatives of the curvature ω ǫ . Lemma 2.1. If the metric ω ǫ is bounded from below and bounded in C 2q norm by a constant δ with some reference metric, then the constant C q (ĥ ǫ ) in Equation (3) depends actually only on q and the constant δ. This is well known, see for instance [11, Proposition 6] .
We are now coming back to the setup of Section 1.2 and shall construct a sequence of almost-balanced metric. Since we work in the smooth category, it is not difficult to adapt the reasoning in order to obtain an approximate Hermitian-Einstein structure h ∞ ǫ in the following sense
Furthermore we can assume that h E is real analytic. If h E is not real analytic we may use a slight generalization of Tian's result [36] of approximation of a positive hermitian metric by a sequence of Bergman type metrics in smooth topology (for a discussion on the smooth convergence see [28] ). Actually, we can pull-back the canonical metric on the universal bundle U (2) over the Grassmannian Gr(2, H 0 (B, E ⊗ L s )) for s >> 1, which provides a sequence of real analytic metrics. This sequence is convergent towards the metric h E in smooth topology thanks to the asymptotic result for the Bergman kernel of E ⊗ L s that can be found in [38] . On X = P(E), the curvature ω ∞ ǫ of the associated real analytic metricĥ ∞ ǫ on O P(E) (1) is bounded in C ∞ norm and is positive. This can be seen by expressing the curvature ofĥ ∞ ǫ in terms of the curvature terms of h ∞ ǫ , see Lemma 1.1. We can apply Lemma 2.1 and for 0 < ǫ < ǫ 0 we get a uniform expansion of the Bergman function ofĥ ∞ ǫ with constant depending only on the maximum order of the expansion and ǫ 0 , and hence we denote the constant in Equation (3) by C q (ǫ 0 ). Lemma 2.2. In the above setting, there is a constant C ∞ > 0 depending only on ǫ 0 such that C q (ǫ 0 ) ≤ C q ∞ . In other words, the growth of the error constant in (3) when taking higher order expansion is at most exponential.
Proof. This is a consequence of the techniques used in the proof of [24, Theorem 1.3] (see also Theorem 1.2 of the associated announcement paper). We shall use the notations of the quoted paper. The Bergman function is given by the sum of an orthonormal basis of sections that can be taken as the union of a peaked section and vanishing sections at x that have been orthonormalized. In order to orthonomalize these sections, it is necessary to inverse a matrix formed of the inner products S, S L 2 and S, T L 2 as it is done in [24, Section 5]. Since we deal with analytic metrics, we can do the Taylor expansion of the involved metrics (on the line bundle and the volume form) and we get an expansion of the L 2 norm S, S L 2 of the peak section S of the form S, S L 2 = 1 k n (1 + i≥1 β i k −i ). By convergence of this Taylor expansion, one has for a certain uniform constant C > 0 that depends on the metric, |β i | ≤ C i for i ≥ 1. In [24, Theorem 4.1 (3)], it is proved a uniform bound on the L 2 -inner product S, T L 2 between a holomorphic section S peaked at the point x and sections T that vanish at order p ′ > 0 at x. Together these two uniform controls provide the expected growth on the error term C q of the expansion of the Bergman function. In particular we have shown that in (3), one has the control |a i | < c 0 γ i for a uniform constant γ > 0. Furthermore, the terms a i enjoy the property of being polynomial expressions in the curvature and its covariant derivatives. For any integer q, we can find a metricĥ ∞ ǫ,q such that the term
which satisfies a similar property, is also constant up to an error term of the form ǫ/2 in C 0 norm while we are are still under the assumptions of Lemma 2.1. This is a consequence of the uniform control in C ∞ topology of the curvature of ω ∞ ǫ using (4). Furthermore, using Lemma 2.2 and taking k > C ∞ , we can impose
in Equation (3) by choosing q large enough. Hence, for k >> 0, we have obtained a metricĥ k,ǫ = (ĥ ∞ ǫ,q ) k which is almost balanced in the sense of Definition 2.1. Eventually, with the examples considered in Section 1.2 and Proposition 1.2, we have proved the following result. Theorem 2.2. There exist examples (X, L) of smooth polarized manifolds such that L is asymptotically Chow semistable and not K-polystable. For instance, for any irreducible Mumford semistable bundle E (not Mumford stable) of rank 2 over a curve of genus g ≥ 2, any Kähler integral class on the ruled surface X = P(E) is asymptotically Chow semistable, not asymptotically Chow polystable and not K-polystable.
Note that Chow semistability implies K-semistability, see [35] . Therefore Theorem 2.2 implies straightforward Corollary 1.2. We chose to present both results in order to stress how one could expect to find examples of K-semistable but non Chow semistable manifolds. Actually, one could try to find a sequence of almost cscK metrics in C 0 norm such that some high order covariant derivatives of the Riemann curvature tensor are unbounded.
3 Parabolic structures and conic Kähler metrics 3.1 Construction of stable parabolic structure Given a vector bundle E over a curve, we provide an elementary construction that allows to construct a stable parabolic structure on E.
From an unstable to a semistable parabolic structure
Suppose that E has rank 2 and is not semistable. We have an exact sequence
We set
We take a large integer N such that 2A/N < 1 and fix some distinct points p i ∈ X for i = 1, . . . , N . We take subspaces
We define the parabolic filtration F j (p i ) at p i by
with weight 0 for F 0 and 2A/N for F 1 . The, the degree of the parabolic bundle E * is
Hence, parµ(E * ) = µ(E) + A. The degree of the induced parabolic bundle
If F ⊂ E is a subsheaf of rank one such that F ⊂ F 1 , then there exists a non-trivial morphism F −→ F 2 . Hence, we have deg(F ) ≤ deg(F 2 ) and thus, using (5),
Hence, we have proved that E * is parabolic semistable.
From a semistable to a stable parabolic structure
Let E * be semistable (not stable) parabolic bundle of rank 2 over (X, D), where D is a finite subset of X. We wish to modify the parabolic structure so that the new parabolic bundle is stable. One of the following holds:
. there exists a non-split exact sequence
where F i * are parabolic bundles of rank one.
of dimension 1 with the following property: if F * ⊂ E * with par deg(F * ) = parµ(E * ), then F |p ′ i = V i may happen for at most one i. Let us choose a real number 1 > ǫ > 0. We consider the parabolic filtration
= {0} with weight 0 for F ′ 0 and weight ǫ for F ′ 1 . We also consider the same parabolic structure at the points of D. We obtain a parabolic bundle E (ǫ) * . We have parµ(E (ǫ) * ) = parµ(E * ) + 3ǫ/2.
For F * ⊂ E * such that par deg(F * ) = parµ(F * ) = parµ(E * ), we have
If ǫ is sufficiently small, then parµ(F (ǫ) * ) < parµ(E (ǫ) * ) for any F * such that parµ(F * ) < parµ(E * ). Finally, with the new induced parabolic structure, E (ǫ) * is parabolic stable over the rank 2 bundle E. We explain now how to deal with higher rank bundles.
Higher rank and corollaries
By induction on the rank of the bundle, we have a generalization of our reasoning on any vector bundle over a curve. Let r ≥ 2 be the rank of E. Since the degrees of the subbundles of E are bounded from above, let choose F 2 the maximal destabilizing subbundle of E. Then F 1 = E/F 2 is a vector bundle and we have the exact sequence
Let F a subbundle of E. If F ⊂ F 1 , then by induction, we can find a stable parabolic stable structure on F 1 that we denote (F 1 ) * 1 and thus parµ(F * 1 ) < parµ((F 1 ) * 1 ). Let us assume that A = parµ((F 1 ) * 1 ) − parµ(E * 1 ) is non negative. It remains to show that one can refine the considered parabolic structure * 1 so that parµ(F * 2 ) < parµ((F 1 ) * 2 ) ≤ parµ(E * 2 ) with respect to a new structure * 2 . This is done as in the previous subsection by choosing an adapted filtration so that par deg(E * 2 ) = par deg(E * 1 ) + rA,
If F ⊂ F 1 , then there is a non trivial morphism F −→ F 2 and eventually parµ(F * 2 ) ≤ parµ(E * 2 ). We get the parabolic semistability of (E * 2 ). We apply the same reasoning as in the previous subsection to derive the following result.
Theorem 3.1. Given E a holomorphic vector bundle over a curve, one can find sufficiently many points p i and sufficiently small weights β > 0 such that the associated parabolic structure E * is Mumford parabolic stable. If E is Mumford semistable and has rank 2, it is sufficient to consider 3 points.
Theorem 3.1 restricted to rational weights and the main result of [25] provide a new proof of an old result of C. Lebrun and M. Singer [21, Theorem 3.11] . Note that the assumption on the genus is made to kill the non trivial holomorphic vector fields.
Corollary 3.1. Consider a ruled surface S over a curve C of genus g ≥ 2.
The blow up of S at sufficiently many points admits a cscK metric.
Of course, a different proof can be given using the work of C. Arezzo-F. Pacard. The ruled surface is birationnally equivalent to the product C × P 1 , which means that a blow-up of S is also a blow-up of C × P 1 , on which there exists a cscK metric. Then it is sufficient to apply the main result of [4] . Our construction has the advantage to be more constructive.
Construction of constant scalar curvature Kähler metric with conic singularities
Let's start with E a semistable bundle over a curve C. From the previous section (Theorem 3.1), we have obtained a stable parabolic structure E * along the points P = {p 1 , ..., p m P }, with m P ≥ 3 and weight less than β 0 > 0. We shall see that there is an Hermitian-Yang-Mills metric with respect to a Kähler-Einstein metric with conic singularity along the associated points to the parabolic structure E * . Firstly, let us recall the notion of Kähler metric with conical singularity, focusing on the complex dimensional one case.
Definition 3.2. Let C be a complex curve. Let P = {p j } j=1,..,m P ⊂ C be a finite set of points. Let β = (β 1 , .., β m P ) with 0 < β i ≤ 1 be the cone angles. Given a point p i ∈ P, label a local chart (V p i , z 1 ) centered at p i as local cone chart. A Kähler metric with conical singularity and cone angle 2πβ i along p i (in short a conical Kähler metric) is a closed positive (1,1) current and a smooth Kähler metric on C \ P such that in a local cone chart V p i its Kähler form is quasi-isometric to the cone flat metric
Over a complex curve, the notions of Kähler class and a pointwise conformal class are equivalent. We can apply the work of M. Troyanov [37] and therefore fixing at any m P points, with at least m P ≥ 3, a curve C admits a conical Kähler-Einstein metric ω β along these fixed points for any angle between 0 and 1. Let us consider a model cone metric of the form
where ω is a smooth Kähler form on C, β < β 0 , the sections σ i vanish exactly at p i and c β > 0 is large enough so thatω β is positive over the curve. A direct computation shows that actuallyω β satisfies the previous definition. Now, the behavior of conical Kähler-Einstein metrics are pretty well understood and it has been derived some Laplacian estimates for it. 
We shall explain now how to apply Simpson's theory [30] in our context. Firstly, it is well known that a conical Kähler metric has finite volume. Moreover there is an exhaustion function ϕ of C such that ∆ ω β ϕ is bounded, and Sobolev inequality holds with respect to ω β . Both facts are checked in [23, Proposition 4.1] where the arguments use only the local expression of the metric (6) and thus are still valid for ω β . Moreover, in dimension one, analytic stability and parabolic stability coincide. In [23, Section 3] , it is constructed a metric K 0 on E * such that its curvature satisfies |Λω β F K 0 | K 0 is bounded on C for small enough angle β > 0. Therefore |Λ ω β F K 0 | K 0 is still bounded using (7) . By stability of the parabolic structure E * , Simpson's theorem [30, Theorem 1] imply the existence of a Hermitian-Yang-Mills metric H E on E satisfying the Hermitian-Einstein equation
over C \ P, with r the rank of E. Let us now consider the ruled manifold X = PE and π : X → C the projection on the base manifold. We denote D ⊂ P(E) the induced divisor from the preimage of P. The metric H E on E induce a metricĤ E on O X (1). Actually for any point p ∈ C, a, b ∈ E |p , and γ ∈ E * |p , one can define locally the metricĤ E byĤ E (û,v) =
The curvature ofĤ E on X is denotedω E . Since its restriction to the fibre is the Fubini-Study, it is non degenerate on PE |p for p ∈ C \P. From Equation (8) , it satisfiesω E = parµ(E)π * ω β , see [15, Section 1] . Consequently, for any m large enough and from the properties of ω β , the metricω E + mπ * ω β is a closed positive current, a Kähler metric with conical singularities along D and has constant scalar curvature on X \ D.
Theorem 3.3. Given E a vector bundle over a curve C, there exists a smooth divisor D ⊂ P(E) and a constant scalar curvature Kähler on P(E) with conical singularity along D. If E is semistable and has rank 2, D can be given by the preimage of 3 points of C.
We address now some remarks. By changing m, this theorem provides in particular examples of cscK cone metric in the class of [ω E + mπ * ω β ] which are not Kähler-Einstein. In [26] , it is explained in details how to obtain scalar-flat Kähler metrics with orbifold singularities when one restricts to the particular case of a ruled surface and the parabolic structure has rational weights, using Mehta-Seshadri theorem. Also, remark that from the point of view of extremal Kähler metrics, some conical metrics are constructed in [22] using the formalism developed by Apostolov et al in [2] , while G. Székelyhidi studied the geometric splitting of a ruled surface given by a non stable manifold under the Calabi flow in [34] . From the point of view of stability, we expect that Theorem 3.3 provides examples of log-K-stable manifolds in the sense of [14] .
